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Abstract—In this paper, bidirectional (mutual) injection locking is demonstrated with solid-state lasers, producing significant
improvements over traditional single-direction injection locking.
Each laser element shares part of its output with other elements
in bidirectional locking, distinct from single-direction (traditional)
injection locking where one master laser provides the locking signal for a number of slaves. In a phase-locked array, the individual
laser outputs add coherently, and the brightness of the entire array scales with the square of the number of elements, as if the
active material diameter were increasing. Benefits of bidirectional
locking, when compared to traditional injection locking, include
reduced laser threshold, better output beam quality, and improved
scaling capability. Experiments using two Nd:YVO4 lasers confirmed that mutual injection locking reduced lasing threshold by
a factor of at least two and increased the output beam quality significantly. The injection-locking effects began with 0.03% coupling
between lasers and full-phase locking for coupling exceeding 0.5%.
The 0.5% requirement for full-phase locking is significantly lower
than the requirement for traditional injection locking. The large
coupling requirement limits traditional injection-locked arrays to
fewer than 20 elements, whereas mutually injection-locked arrays
have no such limit. Mutual injection locking of an array of lasers
can lead to a new architecture for high-power laser systems.
Index Terms—Injection-locked oscillators, laser arrays, solid
lasers.

I. INTRODUCTION

I

N THE quest for ever higher power in solid-state lasers,
three technologies have emerged as the best candidates: disc
laser stacks, such as the heat-capacity laser (HCL) being developed at Lawrence Livermore Laboratories [1], [2]; slab and
other master-oscillator/power-amplifier (MOPA) lasers, under
development at Northrop Grumman [3], [4] and Coherent Technologies; and laser arrays, the subject of this paper. An HCL
can produce a high output, but with a low duty cycle. Therefore, continuous operation requires that a collection of HCLs be
multiplexed. MOPA systems have been demonstrated at over 5
kW of average power at a 20% duty cycle [3], but higher power
requires more stages and trickier alignments. An optimum 100kW laser, for example, would require some 20 times as much
space, cooling, pump power, etc. as the current 5-kW system.
Additionally, such a system is limited by crystal growth technology. With the largest commercial Nd:YAG laser amplifiers, for
example, the beam intensity is sufficient to cause self-focusing
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Fig. 1. In a traditional injection locking system, a master oscillator injects part
of its output into at least one slave oscillator.

and other nonlinear phenomena in the final few stages, reducing
efficiency.
What is needed for a usable high-power laser is a system that
is efficient (reducing the size of the power supply and cooling
mechanism), not overly large (it must fit in whatever space is
allotted), and easy to cool (to avoid severe thermal effects). A
laser array meets all these requirements and produces a highquality beam as long as each laser’s frequency is locked to the
others by some method, such as injection locking [5], [6].
II. VALUE OF INJECTION LOCKING
Injection locking enables adjacent laser oscillators to operate
at the same frequency and with constant phase difference. It
is accomplished by injecting a portion of one laser output or
oscillation into the oscillating cavity of at least one other laser
(Fig. 1). Ordinarily, the high-quality signal from one laser (the
master) is split and injected into several others (the slaves). This
approach has many advantages over single-oscillator and MOPA
systems, as described in the following paragraphs.
A. Power Scaling
The greatest advantage of injection locking is the ease of scaling to high power. The overall output power of the laser array
is the sum of the individual element powers. To increase power,
it is simply necessary to increase the number of elements in the
array. For example, if each of 200 elements has an output of 500
W, the total array output is 100 kW. Furthermore, the array elements are added parallel to each other, not in series, overcoming
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TABLE I
PARAMETERS USED IN INJECTION-LOCKING CALCULATIONS

(a)

C. Bandwidth, Threshold, and Lasing Wavelength

(b)

Fig. 2. (a) In the near field, a four-element phase-locked array acts as four
independent oscillators, as does an incoherently combined array in the far field.
(b) The phase-locked array output, however, combines into a single narrow highquality beam. All beams were modeled as lowest order Gaussian and propagated
with the Fraunhofer propagation equation.

Injection-locked lasers exhibit bandwidth reduction compared to the same lasers when not injection-locked. This is
most noticeable if the injected laser is narrow-band compared
to the free-running laser [8], [9], but even occurs when the injected signal is broadband [10]. The laser wavelength is locked
to the wavelength of the injected signal [11]. If the lasers are
connected through mutual injection locking, the threshold of
each laser is reduced compared to the free-running cavity, and
the power extraction efficiency is increased [12], [13].
III. UNIDIRECTIONAL INJECTION LOCKING THEORY
A. Locking Range

the difficulties of MOPA systems: unacceptably high intensity
in the amplifiers and extreme alignment sensitivity.

B. Beam Quality and Coherence
If the beams are merely combined in a beam combiner or
by pointing at the same object, they add incoherently. The total
power is the sum of the individual powers, and each beam expands at its own rate so that the combined beam expands at a rate
approximately equal to the average of the individual elements’
divergence angle. The brightness of the beam, or maximum
intensity in the far field, increases linearly with the number
of elements (assuming all elements produce the same output).
Locking the wavelength and phase of the beams improves this
significantly. Phase-locked lasers add coherently [7], increasing
the brightness by the square of the number of elements (Fig. 2).
This effect occurs because the combined laser beam’s effective
divergence angle is proportional to the inverse of the number
of elements, even as the combined power is proportional to that
number. If each 500-W laser rod in our example is capable of
being focused to an intensity of 10 kW/cm2 at a given distance,
even though the total power only increases to 100 kW, the intensity of a phase-locked array at the given distance can reach
400 MW/cm2 . This is in sharp contrast to incoherent addition,
which only increases the intensity to 2 MW/cm2 (lower by a
factor equal to the number of elements).

Injection locking of lasers was first accomplished in 1966.
Several methods have been used to describe the result of locking two lasers together with light injection [9], [14]–[17], with
varying success. The most general analysis starts with the slowly
varying envelope approximation (SVEA) of Maxwell’s equations, which is valid for virtually any laser. If an oscillator with
a homogeneously broadened gain medium and natural radian
frequency ω 0 is driven by a signal with radian frequency ω 1,
amplitude E1 , and phase difference ϕ compared to the natural
signal, the differential equation describing the total field amplitude E is
γc − γm
dE
+
E = γ r E1 cos ϕ
dt
2

(1)

whereas the equation describing the phase is
E1
dϕ
+ ( ω 1 − ω 0) = γ r
sin ϕ
dt
E

(2)

The variables and constants in these equations are shown in
Table I. In the most general case, all the terms in (1) and (2)
may vary with time. In the case of injection locking, however,
several approximations can be made. The rates and frequencies
can be assumed to be constant over time, the injected signal can
be approximated as monochromatic and of constant amplitude,
and the system can be solved in steady state. The output, then, is
at frequency ω 1. In that case, the left-hand sides of (1) and (2) are
0, and (2) may be solved for the maximum frequency difference,
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where
G0 ≡

η
1 − RO



2γe
γc − γm

2
(5)

is the standard on-resonance gain of a cavity and
∆ω ≡ γc − γm

(6)

is the full-width at half-maximum (FWHM) bandwidth of the
regenerative amplifier gain. In an injection-locked laser, γc is
very slightly larger than γm (in a free-running laser they are
equal). Using (1) in steady state, (6) becomes

I1
(7)
∆ω < 2γr
I0
so the regenerative-gain bandwidth equals the injection-locking
bandwidth.
C. Injection-Locked Laser Output
The expected output from the injection-locked laser at ω1 is
calculated from (1), again making the steady-state assumption.
In homogeneous media, as has been assumed for this paper, the
saturated gain is related to the small-signal gain through
g0
(8)
g(I) =
1 + I/Isat

Fig. 3. Relationship between injection efficiency and maximum frequency
offset demonstrates that, for a 100-cm perimeter cavity and injection-locked
gain of 2, an injection efficiency of nearly 10% is required to lock two cavities,
the natural frequencies of which vary by 10 MHz. The frequency offset in this
figure is ν = ω/2π.

making use of the trigonometric requirement | sin ϕ| ≤ 1

E1
I1
= γr
(3)
|ω1 − ω0 | ≤ γr
E0
I0
under the approximation E ≈ E0 . The full locking bandwidth
is just twice this number. Note that (3) does not depend on the
actual laser system used, just the round-trip time of the cavity.
The locking relationship is shown graphically in Fig. 3.
B. Regenerative Gain and Bandwidth


1+

1
ω 1 −ω 0
∆ω /2

2

which is a third-order equation with a complicated closed-form
solution. Making the standard injection-locking assumption that
I ≈ I0 , however, (9) can be solved for the output intensity

2r γe I1
fr
Iout = Iout +
cos ϕ
(10)
r − 1 γc I0
which is slightly greater than the laser free-running output
fr
≡ (1 − RO )I0 . Within the locking range, the injectionIout
locked output described by (10) is shown in Fig. 4.
IV. MUTUAL INJECTION-LOCKING THEORY

The injection-locked system can be described as a regenerative amplifier. To determine the gain of this amplifier, (1) and
(2) are squared in steady state and added. Making the approximation − ln(RO ) ≈ 1 − RO , and using the definition of γe , the
gain can be calculated [18]
4γe2
η
G(ω) ≈
1 − RO (γc − γm )2 + 4(ω1 − ω0 )2

2
2γe
η
1
=
2

1 − RO γc − γm
ω 1 −ω 0
1 + 2 γ c −γ m
= G0

where Isat only depends on the laser frequency ω and constant
material parameters. With this gain profile, defining the ratio of
pump rate to threshold pump rate as r ≡ g0 /g, an equation for
injected laser output intensity can be derived [18]:

γr I1
(r − 1)(I − I0 )
=2
cos ϕ
(9)
(r − 1)I + I0
γc I0

(4)

A. Locking Range
The above analysis can be extended to the case of mutual
injection locking. There are three cavities to consider: Cavity 1
and Cavity 2, which are the independent oscillator cavities, and
Cavity 3, the cavity including both gain media and the mutual
injection (Fig. 5). Then the three intensity gains, calculated
from regenerative amplifier equations in the small-signal region,
are [18]
|g1 (ω)|2 ≈

γ12
(ω − ω1 )2

|g2 (ω)|2 ≈

γ22
(ω − ω2 )2
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Fig. 4. Relative output of the cavity used as an example in this section shows
that, within the locked range of ±7 MHz, the system produces greater output at
ν1 than the free-running laser would at ν0 . Outside the locked range, the system
acts as a free-running oscillator. There is also a transition range over which both
ν1 and ν0 are produced.

Fig. 5. Mutual injection locking shares portions of the signal from each cavity
with the other, resulting in linking three cavities: the two independent oscillators,
Cavity 1 and Cavity 2, and the virtual cavity formed by the coupling, Cavity 3.

|g3 (ω)|2 ≈

γ32
(ω − ω3 )2

η12 η2
I1 (ω1 )
(ω1 − ω3 )2 τ32

I3 (ω3 ) >

η1 η22
I2 (ω2 ).
(ω2 − ω3 )2 τ22

Fig. 6. Level of intracavity coupling required for full mutual injection locking
increases with β, the coupling parameter defined in (14).

If neither is true, it is possible for the two lasers to lock at
either ω1 or ω2 , as long as the injected intensity at that frequency
is greater than any of the other intensities, whereas if one is
true but not the other, the lasers are unlikely to lock together.
Increasing the pump forces locking at ω3 , because the gain seen
by I3 is the product of the gains seen by I1 and I2 . Increasing
the pump, then, increases the gain of I3 more than the gain of
either other beam.
In the case of symmetric injection locking, where η1 = η2 ≡
η, (12) are also symmetric. One of the two independent freerunning intensities will be larger than the other; without loss of
generality, we select I1 > I2 . Then the cavities will lock at ω3
as long as
η3
I3
>
.
I1
(ω1 − ω3 )2 τ32

(11)

where each free-running frequency ωi and each round-trip rate
γi are determined by its cavity perimeter pi . Note that, because
p3 is larger than p1 or p2 , ω3 is always between ω1 and ω2 .
Thus, this part of the denominator of g3 is usually smaller than
the same part of the denominator of either g1 or g2 . On the
other hand, γ3 < γ1 , γ2 , so the gain |g3 (ω)|2 is usually less
than the other two intensity gains. The free-running intensity
I3 (ω3 ), however, is likely to be greater than the other freerunning intensities, because it passes through both gain media,
although it ordinarily has higher loss (because I3 only exists
through the mutual injection, it is a factor of η1 η2 lower than
it would be in its own cavity). As a general rule, then, the
oscillators will lock at ω3 . This will happen as long as both the
following are true:
I3 (ω3 ) >
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(12)

(13)

Equation (13) can be interpreted as a restriction on the injection efficiency, η. Because I3 , in passing through the two gain
media, is reinjected twice per round trip with gain in both media,
I3 is proportional to η 4 (ω1 − ω3 )2 τ12 (ω2 − ω3 )2 τ22 . Therefore,
(13) can be rewritten
η>β

τ12
(ω2 − ω3 )2 τ22
τ32

(14)

where the coupling parameter
β≡

I1 4
η
I3

(15)

is independent of η· The coupling parameter β is usually small.
The other factors in (14) include τ22 , which is small, and τ12 /τ32 ,
which is <1, so η can also be very small. A plot of η required
for a sample two-cavity system with 2-ns round-trip time in
each and 5 ns for the mutual cavity is shown for sample values
of β in Fig. 6. As this figure shows, the locking bandwidth
for mutual injection locking is significantly larger than that for
traditional injection locking. Indeed, because the mode spacing
of the injection cavity is 200 MHz in this example, the total
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required injection efficiency is likely to be <10%, even for
high values of β. Because the coupling requirements come from
phase values, the effective frequency offset is calculated modulo
the mode separation frequency.

conditions,
γ1 η2
E3 sin(ϕ1 − ϕ2 )
ω1 − ω2
γ2 η1
E2 =
E3 sin(ϕ1 − ϕ2 ).
ω1 − ω2
E1 =

B. Phase Shift Between Adjacent Oscillators
Regenerative amplification causes a phase shift, as demonstrated in Section III. In the case of mutual injection locking,
this results in a phase shift between adjacent oscillators. The
absolute phase shift is not critical. Maximum brightness, however, depends on the phase shift between oscillators at their
output. In other words, if the difference between the phase of
output from Cavity 2 at the output of Cavity 1 and the Cavity 1
phase at the same point is a multiple of 2π, the lasers will add
constructively, resulting in the highest possible on-axis intensity at any distance. This phase is a function of spacing between
the cavities, positions of the output mirrors, and optical cavity
perimeter p. To maintain optimal coherent addition one of these
three must be adjustable.
To calculate the phase difference we return to the SVEA
equations. Rewriting (1) as two coupled equations
γc1 − γm 1
dE1
+
E1 = γ1 η2 E2 cos(ϕ1 − ϕ2 )
dt
2
γc2 − γm 2
dE2
+
E2 = γ2 η1 E1 cos(ϕ1 − ϕ2 ) (16)
dt
2
where the numbered subscripts correspond to the cavities and
the cosine term does not change because cos(ϕ) = cos(−ϕ).
The injection efficiency from Cavity 1 into Cavity 2 is η1 and
that from Cavity 2 into Cavity 1 is η2 . At steady state, (16) has
the solution


γc1 − γm 1 γc2 − γm 2
−1
|ϕ1 − ϕ2 | = cos
2γ1 η1
2γ2 η2

π
γc1 − γm 1 γc2 − γm 2
(17)
≈ −
2
2γ1 η1
2γ2 η2
for the typical case of γc − γm = γr for each cavity. Thus, the
phase difference between adjacent oscillators at their own outputs is approximately 90◦ .
C. Power Output
The output of the two oscillators is calculated from (2), which
is rewritten for the coupled oscillators as
dϕ1
+ (ω1 − ω3 )E1 = γ1 η2 E3 sin ϕ1
dt
dϕ2
+ (ω2 − ω3 )E2 = γ2 η1 E3 sin ϕ2 .
dt
From (17) we know

γc1 − γm 1 γc2 − γm 2
.
sin(ϕ1 − ϕ2 ) = 1 −
2γ1 η1
2γ2 η2

(18)

(19)

Likewise, we know that the ratio of the phases will equal the
ratio of the frequency offsets from ω3 . Choosing the measuring location so that ϕ3 = 0, (18) becomes, under steady-state

(20)

In a symmetric cavity, where η1 = η2 = η, (20) combines
with (19) to reveal the intensity equation inside the cavities
2

2ηγ1
γ1
I3
I1 ≈
ω1 − ω2
γ2
2

2ηγ2
γ2
I2 ≈
I3 .
(21)
ω1 − ω2
γ1
The signal intensity in each cavity, then, is greater than the
free-running I3 , which itself is greater than the free-running intensity of both independent cavities. The cavity with the shorter
round-trip time will have the higher output. The output intensity
of each is just the output coupler transmission multiplied by the
cavity intensity. To this level of approximation, the output from
each cavity is proportional to the transmission of the output coupler and the round-trip time of the other cavity and is inversely
proportional to the cube of the round-trip time of its own cavity.
The output, to this approximation, is independent of the loss or
gain in the cavity.
V. EXPERIMENT
A. Layout
The system used for this test is shown in Fig. 7. A Coherent
Verdi laser system capable of up to 8 W at 532 nm was used as the
pump source. Its beam was separated into two equal intensities
by a beamsplitter. Each of these two beams passed through a
lens and the high reflector of the cavity before reaching its focal
point within the laser crystal. Each cavity also contained an
output coupler and a pickoff mirror for coupling.
The pump beams were polarized along the c-axis of the two
Nd:YVO4 laser crystals. Laser emission at 1.064 µm was polarized along the a-axis. The crystals were from different boules
and of different geometry; one was 3 × 3 × 10 mm with faces
coated for low reflectivity at 1.064 µm, and the other was
2 × 3 × 13.1 mm with uncoated faces. The cavities were both
23 cm long and contained identical mirrors. The high reflectors were 99.2% reflective, and the output coupler reflectivities
were 95.8% at 1.064 µm. The high reflectors were spherical,
with a radius of 3 m, whereas the output couplers were flat.
The calculated lowest order mode size was ∼400 µm. Cavity 1,
containing the laser crystal with coated surfaces, was pumped
with a beam 950 µm in diameter, whereas Cavity 2 was pumped
with a 600-µm beam.
The two cavities also contained coupling mirrors. In each
cavity was a partial reflector, oriented at 45◦ , with reflectivity
16.4% at 1.064 µm for this angle of incidence. These mirrors
were aligned so that 16.4% of the oscillating intensity in each
cavity was directed to the coupling mirror in the other cavity,
with the beams exactly counterpropagating. Because all angles
of incidence were 45◦ , insertion of the pickoff mirrors into
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Fig. 7. Mutual injection locking experiment included two independent laser oscillators, coupling within the cavities, and a method of combining the two output
beams to measure mutual coherence.

lasers, this system has internal losses significantly greater than
the output coupling. The mode of each independent laser was
also measured (Fig. 9). As expected from the mismatch between pump beam diameter and lowest order mode diameter,
the beam quality from Cavity 1 is significantly worse than that
from Cavity 2.
C. Operation During Mutual Injection

Fig. 8. By plotting oscillation threshold versus mirror reflectivity, one can
extrapolate the internal cavity losses and demonstrate the effects of pump size,
shown by the different slopes of the two lines.

the cavities resulted in a round-trip loss of nearly 70% with
a maximum coupling of 2.69%. Between these two mirrors
was a polarizer that could be rotated to adjust the intensity of
the throughput. The polarizer had the effect of multiplying the
intensity passing through it by cos2 θ, where θ is the rotation
angle, because the actual intensity was reduced to cos θ and the
polarization was rotated to θ away from the oscillating signal.
B. Measurements of Independent Oscillation
Each oscillator was tested independently, with the coupling
path blocked, to determine its properties. From the cavity length
the round-trip time was calculated as 1.43 ns, for a mode spacing
of γr = 700 MHz. Laser output of each cavity was measured to
determine oscillation threshold. This was performed for output
couplers of various reflectivities, all flat. The plot of threshold
versus mirror reflectivity is shown in Fig. 8.
Fig. 8 demonstrates that the internal single-pass loss of each
cavity was ∼19%, so the round-trip loss was 34%. Unlike most

The lasers were operated with the coupling in place, but with
the 10000:1 polarizer set to block injection. The oscillation
threshold—defined for this experiment as the pump power necessary to produce 50-µW output—was 1.9 W for Cavity 2 and
6.3 W for Cavity 1, using the 95.8% R output couplers. The first
effects of injection locking, a lowering of the lasing threshold for
both cavities, were seen when mutual injection was increased to
0.03%. As coupling was increased, the threshold dropped even
more (see Table II) until, at 0.5% mutual injection, the threshold
was at its lowest. The threshold did not decrease with further
coupling increases. The mode quality improved as coupling was
increased past 0.03%, especially in Cavity 1. Finally, at 0.5%
coupling, the modes of both lasers were good, and the lasers
could be considered fully injection-locked.
The data in Table II demonstrate that mutual injection coupling is a good method of lowering the threshold of lasers. It
is also clear that most of the threshold-lowering effect appears
with less coupling than that needed to lock the lasers (0.5%).
It is interesting to note that even 0.03% coupling is enough to
reduce the lasing threshold in Cavity 1 to below its independent
threshold by nearly a factor of 3. This corresponds well to (21).
A plot of required injection efficiency as a function of coupling
parameter is shown in Fig. 10. Estimating β in this experiment
as 0.05, the required injection efficiency of 0.5% corresponds
to a frequency offset ∼250 MHz. The mode spacing of Cavity
3 is ∼400 MHz in this experiment, so the estimated frequency
offset is reasonable.
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Fig. 9. Beam quality observed from (a) Cavity 1 is significantly lower than
that from (b) Cavity 2.

TABLE II
RELATION BETWEEN INJECTION AND OSCILLATION THRESHOLD REDUCTION

Fig. 11. (a) At mutual injection efficiency 0.4%, even Cavity 1 is oscillating
in low-order modes. (b) At 0.5% efficiency, the pattern formed by interference
between outputs of the two cavities demonstrates that they are fully locked,
operating at the same frequency with only a constant phase difference.

When the two laser cavities are fully injection-locked, their
phase is locked to some small (and constant) difference. This
can be seen from Fig. 11, which shows the results of mixing
the two beams together. As injection percentage increases, laser
threshold drops (Table II), and beam quality increases [compare
Figs. 9(a) and 11(a)]. At approximately 0.5% injection in this experiment, the threshold and beam quality effects have saturated,
and the two laser outputs are locked in phase and wavelength.
No further improvement in threshold, output power, or beam
quality is seen by increasing coupling from 0.5% to 2.7%.
VI. SUMMARY

Fig. 10. As cavity parameter and frequency offset increase, the injection efficiency required for mutual injection locking also increases.

Mutual injection locking of lasers is a promising technology
for the next generation of high-power laser arrays. This
technique reduces laser threshold in the associated cavities,
increases the lockable difference between the free-running laser
wavelengths of the lasers, and reduces the phase difference between the locked oscillators. An experiment demonstrated that
the laser thresholds of two independent Nd:YVO4 laser cavities,
pumped by a single 532-nm laser, were reduced up to a factor
of 3.5, with significant mode quality improvement when the
two cavities were mutually injection-locked. In this experiment,
0.5% mutual injection locking was required to fully phase-lock
the two cavities, demonstrating the advantages of mutual injection locking over the traditional method. This injection level
corresponds to a frequency difference of 5 MHz for master–slave
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injection locking, but 250 MHz for mutual injection locking.
The relationship between frequency separation of the injected
and free-running signals to the required injection power puts severe limits on the capabilities of master–slave injection-locked
lasers. These limits are overcome by mutual injection locking.
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